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1. Introduction 


It is important to study string theory in various curved backgrounds since our under¬ 
standing of string theory is not background independent. In particular, it is interesting 
to study string theory in time-dependent backgrounds. Time-dependent orbifolds of flat 
space would be good toy models for more realistic cosmological backgrounds in string 
theory |]^. 

The null-brane p,|^ is an orbifold of which has several good properties as a 
background of string theory: It is a smooth supersymmetric orbifold and does not con¬ 
tain closed time-like curves. It was shown that the gravitational backreaction due to the 
introduction of a single particle in this background is supressed when the number of non¬ 
compact dimensions is larger than hve , and that the tree level string amplitude makes 
sence in this background ||T^ , pr7| . 

It is interesting to study the behavior of solitonic objects in time-dependent back¬ 
grounds. In this paper, we consider D-branes in the null-brane background and construct 
the boundary states describing them. After reviewing the geometry of the null-brane in 
section 1, in section 2 we consider the closed string theory on the null-brane. We hnd that 
the Virasoro operator in the twisted sector is related to the one in the untwisted sector by 
a spectral flow. Using the operator formalism, we rederive the torus amplitude obtained 
in [pT|,pr7|. In section 3, we construct the boundary states for D3- and D2-branes, and 


compute the cylinder amplitudes. We hnd that the effective tension of the D3-brane is 
time-dependent. In section 4, we consider Dl-brane and discuss its relation to the null- 


scissors conhguration discussed recently in p2|. Section 5 is devoted to discussions. In 
appendix A, we consider the trace in the zero-mode part of a string, and in appendix B 
we discuss the T-dual of the null-scissors. 


2. Geometry of the Null-Brane 

The null-brane is an orbifold of a hat 4-dimensional Minkowski space ’2 X R with 
the metric 

ds^ = -\- dz^ = —2dx~^dx~ -t- dx'^ -t- dz'^. (2.1) 

The orbifold group T ~ Z acts as a null-boost on x^{fi — -|-,a:,—) and shifts z hy a 
constant: 

/x+\ 

X = X ^ z^z + 2 ttR. (2.2) 


1 













Above, the matrix J is the vector representation of the generator J = + J^^)/a/2, 

and its explicit form is given by 



(2.3) 

The important property of J is that it is nilpotent and belongs to the Lie algebra so(l, 2) 

_ 0, = -r]Jr]-\ (2.4) 

where the snperscript T denotes the transpose of the matrix. 

To describe the geometry of the orbifold (R^ ’2 X R)/r, it is convenient to introdnce 
a new set of coordinates (y"*", y, y~, u) dehned as 



yy^ 

y~ + \y‘^y^, 


z = u + Ry. 


(2.5) 


In terms of these coordinates, the orbifold action ( p.2| ) becomes simply y ^ y -\- 2 ti with 
other coordinates kept invariant. The metric on the nnll-brane in these variables becomes 


ds^ = -2dy+dy + + {y^f] {dy + A)^ + {y+)^ ^'^‘^ 

where A is the connection of the hber with non-vanishing cnrvature 

R , „ ,. Ry^ 


( 2 . 6 ) 


A = 


+ {y+y 


;du, F = dA = 


+ {y+y 


;dy~'~ A du. 


(2.7) 


3. Closed Strings on the Null-Brane 

3.1. Mode Expansion in the Twisted Sector 

To constrnct the bonndary states on the nnll-brane, let ns begin with the mode ex¬ 
pansion of worldsheet helds in the covariant formalism. First we focus on the R^’^ part of 
the target space whose worldsheet action is 

1 p ^ p p‘2'it 

S = -- dt da(dtX^dtXa — da-X^daXA = —- dt dad+X^yd-X (3.1) 

47rQ;' J Jo Txa' J Jo 


where 


u^=t±a, d± = = 


(3.2) 
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In the twisted sector, X{t, a) is periodic up to a F-action 


X{t,a + 27r) =e^^^^X{t,a). 


(3.3) 


The mode expansion of X in this sector is given by 


X = i 





E 

n6Z 




^—i(n—iw^)u 

.(-) , !_%(-) 


- (y'^ ^ -I- - 

n + iwj ^ n- iwj ^ ' ’ 


and its conjugate momentum is 


n = 


1 


dtX 


27Ta' 2Tx\f2^ 


tE 


n6Z 


^—i{n+iw {w) I —i{n—iwj)u ~{w) 


The zero modes are written as 


(3.4) 


(3.5) 



Q.i^) ^ . I I — 1^'' 


2(p+—X), Si ' = \/-(p-—X), 


(3.6) 


where and satisfy the canonical commutation relation . At t = 0, 

(^) and ( ^TSD reduce to 


_ „wcrj 


A = e 


X + i 





E 


2 ^ n + iwj^ ^ 

n^O 


n = 

2n 


p+^E<='‘"" 




= e^^^X 




(3.7) 


From the relation [A^(a), nj,(cr')] = id^d{a, a'), the commutation relations of the 
non-zero modes are found to be 

|a^r’^a^r’1 = in>r' + iyjJr'TSn+^.o , 

More explicitly, the non-vanishing commutators for the left movers are 


(3.8) 


[ay>', a<r>T = nS„+,nfi, (a<r>+. [ajT*-, = ra.«„+„,o. 

(3.9) 

Next consider the held Z{t, a) in the twisted sector Z{t,a + 27r) = Z(t, a) + 27 twR. 
The mode expansion of Z is the familiar winding conhguration on a circle: 

Z = 2 + yE(ai”>"„+ + a<”>"u-) + + e-""-3);) (3.10) 

n^O 
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where [a^,a^] = ndn+m,o 


and 


a 


(w) 

0 


Z 





(3.11) 


3.S. Spectral Flow 

As pointed ont in , the commntation relation leads to an exchange algebra of 
the cnrrents d±X^^. Therefore, one might think that the qnantization of the twisted sector 
wonld be qnite complicated. However, by a simple change of variables the relation (|^ ) 
rednces to the ordinary commntation relation of oscillators. To see this, we introdnce the 
following invertible matrix Sp 


= (S;3)-' = 1-|/3J-2/3V. (3.12) 


which satishes 

{Spf = 1 + ijSJ, (Sp)'^ = r]S-pr]~^. 


In terms of this, the commntation relation (|3.8|) is rewritten 


as 


[air'", air’"] = n«„+™,o(5sr,-‘5l)'‘". 

\ ^ m / 


(3.13) 


(3.14) 


In other words, are the sqnare root of the matrices in the right-hand sides of ( |3.8|) . 
Therefore, the oscillators in the twisted sector and the ordinary u n twisted oscillators are 
related by the following “spectral flow” 


a 


<”> = 3l”> = 5_.3!.">. 


(3.15) 


Namely, by taking a linear combination of the oscillators in the twisted sector, we can 
constrnct and an'^ obeying the ordinary relation 


aS’"] = 13!.'»^ 3S>-'1 = 


(3.16) 


The oscillator vacnnm in the twisted sector is natnrally dehned as 


= = 0 (n>0). 


(3.17) 
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3.3. Symmetry Generators 

In this subsection, we construct the generator of the null-boost and the Virasoro 
operator Lq in the twisted sector. 

Let us first consider the null-boost generator J: 


-2-k 


r.27r 


f.27r 


J = 


da(X+U^ - X^U 




daX^ r]JU = - / daX^ r]JU, 


(3.18) 


where the variables X and 11 are dehned in (^.T]) . In the last equality we used the fact 
that preserves rj. Now J is written in terms of the modes as 


J — Jq E if, 


where 


Jo — —x^rjjp — — xp'^ 

1 

2 


-‘‘X’lJcl? = i E E = iE . 

/ i' J / J Y) / J ry^ 


(3.19) 


(3.20) 


n 


n 


riT^O 717^0 riT^O 

Here we wrote E and E in terms of the untwisted oscillators. 

Next consider the stress tensor in the twisted sector. The R^’ 2x R part of the stress 
tensor is given by 

T = ^d+x^^d+x^ + = Y (3.21) 

a ^ ^^ 


a' 


n6Z 


By substituting the mode expansion, Lq in the twisted sector is found to be 


ly = -y u+-y 

U cy / ^ n —9 / ^ 


z z 
CV O' 


(3.22) 


nEZ 


nEZ 


We can rewrite in terms of the untwisted oscillator using the spectral flow (|3.15| ): 

/ / /^ r, \ 2 

_ a 


Lq = -^{p^Pf.+Pz) + + -{Jo+PzR + ^E) + — 


w 


rfuil X , ,, o, —in'! W , 0(' f 271 wR+ 

Lq = -^{p'^Pt,+P^) + - -{Jo+p^R + 2E) + — 


(3.23) 


where and are the number operators of the untwisted oscillators, and R-\- is 
dehned as 

R+ = y/{x+)^+R^. (3.24) 

The last term in (|3.23| ) can be understood as the (mass)^ of the string winding rc-times 
around the hber of the null-brane with radius R_i 


*'+• 


We end this subsection with a comment on the non-zero modes lY of the Virasoro 
generator. lY does not have a good transformation property under the “spectral how” 
(P.15|), since the integrand of J is not a conformal current. 
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3.4- Torus Amplitute 

As a consistency check of the result in the previous subsection, we compute the 1-loop 
partition sum 

Z = (3.25) 

k^w^'Zi 

which was computed by the path integral formalism in [^|T^,|T^. Here we dehned q± = 
g=F27rir± meaus the trace in the twisted sector, and the sum over 

k imposes the invariance under the orbifold projection. As emphasized in [^, we have to 
take the worldsheet metric to be Lorentzian since Lq is unbounded from below. 

Let us hrst consider the zero-mode part. Because the trace is independent of the 
choice of basis, we can compute the trace in the plane wave basis. In this basis, we can 
argue that the trace can be replaced by a classical phase space integral which is a Gaussian 
integral (see appendix A).0 Since appears linearly in in the formp+p”, the integral 
over p~ gives the delta-function d{p~^). Therefore, only p"*" = 0 states contribute to the 
partition sum. In this computation, it is important to take t± to be real. After performing 
the Gaussian integral over p^, and Pz , we get the factor 


k^wE'Zi 


exp 


71 

Oi'T2 


{wtj^ — k){wT- — k) 


(3.27) 


which agrees with the contribution of the classical action in the path integral formalism. 

For the non-zero modes, one can show that the trace is independent of w by the same 
reason as the path integral computation. Since E in (|3.20| ) commutes with we can 

focus on a hxed level. By noting that the number basis of oscillators 


\N+ N~) = 

ml ml m! 


a 


(o)+ \ 






a 


(0)a 




a 


( 0 )- 


N- 


m I 


m 


|0) (3.28) 


^ We can also compute the trace in the J-eigenbasis. In this case, we have to redefine the 
wavefunction V'lms in 0] as 


' 4 >new — exp ( —i _^ ) V'LMS, 


2p+x 


j 

2,2 U 

p + m — 


{x+f 


V^neu! — O5 


(3.26) 


since V'lms is singular in the limit p'^ —> 0. Note that J^/(a;^)^ is the rotation energy around the 
fiber. 
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transforms under the null-boost as 


QivE\N+ ]y-\ 

^ n '^7715 777.5 ■‘■'‘ml 


1 / {0)+\^^ / iO)x . ( 0 )+' 

1 / C(-rn \ / + va_:; 


N 1 


v/iV+!iV-!iV-! I i 


(0)- , (0)x , „2 (0)+\^- 

I |Q^ 


m 




and using the dehnition of the conjugate 

easily see that the matrix element of is n-independent: 


(3.29) 


one can 


(N+,N-,NJi'^'"’e‘’'‘^IN+,NZ,N-) = (N,t, N-, jN*. N-, N-}. (3.30) 


This independence of the twist w in the non-zero mode part is related to the fact that in 
the Fock space there is no eigenstate of E with non-zero eigenvalue, since JT is nilpotent in 
all hnite dimensional representations. Only Jq is diagonalizable on the inhnite dimensional 
space of functions. 


Finally, we hnd that the operator formalism ( p.25|) gives the same result as the path 
integral formalism: 


Z = 


Zghost^± 


d?xdz 


2mT^r]{q_Yr]{q+Y J (27ry^)4 


l -^(tCT-i- — k){wT- — k) 

Ol'T2 


(3.31) 


3.5. Superstring in the NSR Formalism 

In this subsection, we briefly comment on the extension to the superstring in the NSR 
formalism. In the twisted sector, the mode expansion of the fermions in the part 
is given by 

Y (3.32) 

rE'Zi-\-u r6Z-|-i^ 

where e = ^ for the NS sector and z/ = 0 for the R sector. The commutation relation is 
the same as the untwisted sector: 


Cl = {C, (3.33) 

The Lq in the twisted sector computed from the stress tensor 

T = -ip’^^gd+ip, T = -ip'^^rjd-ip (3.34) 

2 2 
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has a similar “spectral flowed” form as that of the bosonic counterpart: 


= N^+ wE^, 4"^ = iVp - wE^ (3.35) 

where and E^ are the number operator and the null-boost generator, respectively 

= ^ = ^ Y1 '^4vJA- (3.36) 

rEZ+i/ rEZ-\-i/ 

and E^ are obtained by putting a tilde on tj; in the above expressions. The mode 
expansion and the commutation relation of are the same as the untwisted sector. 

The torus amplitude in the superstring case is obtained by the same formula (|3.31j) by 
including the contribution of fermions in Z_\_ [§ . The important point is that the partition 
function of fermions is independent of the twist w 

4 ”’ = 4 °’. ( 3 - 37 ) 

by the same reason as the non-zero modes of the bosonic part. 


4. Boundary States on the Null-Brane 


In this section, we construct the boundary states describing BPS D3- and D2-branes 
on the null-brane background which are extended along the directions. The super- 
symmetry of branes in the null-brane geometry was considered in |^,^. It turns out 
to be easy to construct these states since the boundary condition is invariant under the 
null-boost. 


4 . 1 . D3-Branes 

Let us first construct the D3-brane which wraps the whole null-brane. On the covering 
space x R, and Z satisfy the Neumann boundary condition. 

dtX^{t = 0)|D3) = dtZ{t = 0)|D3) = 0. (4.1) 

In the twisted sector the boundary conditions for modes read 

p>^\D3)^ = p,\D3)^ = 0, = « + 54,)|I^3)^ = 0. (4.2) 









(4.3) 


By the spectral flow, the condition for and is rewritten as 


(«!?>'• +3L‘'>'‘)|D3)„ = 0. 

Since this is the ordinary Nenmann bonndary condition, we can easily write down the 
bonndary state in the twisted sector: 

\D3)^ = exp [ ^= Q) 

\ ft ft I 

\n>0 / 

= exp ^ -a'_^ 77 


\n>0 




(4.4) 


This state is invariant under the orbifold action 




(4.5) 


and hence becomes a well-defined state on the orbifold. This invariance automatically 
follows from the boundary conditions ( [4.2|) . 

For the fermions, the boundary state in the twisted sector is the same as the u n twisted 
sector 

\D3).,p^w — \D3) .,p^uj=o- (4-6) 

Now the complete boundary state of D3-brane is obtained by summing all the twisted 
sector states 

\D30) = (4.7) 

wEZ 

Here we introduced a Wilson line 0. 

To compute the potential between two D3-branes, let us consider the cylinder ampli¬ 
tude 

Closed =/ (4.8) 

Jo s Jo s 

Here we factored out the contribution of the zero-mode of and Z as ^o('S). ^^(s) is 
the contribution from the transverse coordinates, the fermions, and the non-zero modes of 
and Z. Plugging the expression of Lq and Lg ( p.23|) into this amplitude .Tciosed, the 
contribution of the zero-mode turns out to be 


“ 4^0 ('S) = / dJxdz exp 

4 wez 


,, 2 p 2 

—ns -— iw{9 — 9') 

2a' 


(4.9) 
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One can show that the rest of the contribution is independent of the twist w in the 

same way as the computation of the torus amplitude. Especially, ^^(s) vanishes in the 
Type IIB string if we take the boundary state of fermions — \D3)ip^w=o as that of 

the BPS D3-brane on the flat space. Therefore, the effect of the orbifolding is contained 
entirely in ^o('S)- By performing the Poisson resummation 


^exp 

wEZ 


—Tisvj ^—^ — iwiO — 6') 
2 a' ^ ^ 




E 

n^Z 


exp 


2W/ e-e'\^ 

n + 


sRl 


2ti 


(4.10) 


we 


can see that the effective tension of the D3-brane near a;"*" = 0 behaves 


as 


Tj 


D3 


{x+)‘^ + R^ 


(4.11) 


This can be thought of as an open string analog of the time-dependent cosmological con¬ 
stant obtained from the torus amplitude of the closed string |^,|T6|,|r^ . Strictly speaking, 
this is not the tension of the brane dehned as the strength of the coupling to the graviton. 
The time dependence ( [4.11|) comes from the exchange of twisted closed string states. 

We can also compute this cylinder amplitude as a 1-loop amplitude of the open string. 
The open string connecting two D3-branes satishes the boundary condition 


daX^ = daZ = dtX±_ = 0 at cr = 0, TT, 


(4.12) 


and the Virasoro generator has the standard form Lq = a'{p^p^ + pi) + N. In the open 
string channel, the cylinder amplitude (^4.8| ) is written as 




open 


dt 

wEZ 


gi-u;(6('-6l)rjY 


^2TTiw{J+p^R) ^-2TTt{Lo-^) 


dt 


Ao{t)A'{t) (4.13) 


In this computation, we have to perform the inverse Wick rotation to make the Schwinger 
parameter t pure imaginary. As above, A.o(t) is the contribution from the zero-mode of X^ 
and Z, and the rest of the contribution is denoted as A'{t). By performing the Gaussian 
integral over p^ and pz, A,o(t) is calculated as 


Ao{t) 


i 

27rt2 


d^xdz ( TT w‘^R\ 


iw{e-e') 


(4.14) 


and A'{t) is independent of w by the same reason as above. Under the modular transfor¬ 
mation s — 1/t, Aopen agrees with Adosed up to a normalization constant. 
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4-2. D2-Branes 

Next we consider the D2-brane extending along and localized along Z in the 
covering space. The boundary condition is given by 

dtX^it = 0)|D2) = d^Zit = 0)|D2) = 0. (4.15) 


Due to the Dirichlet condition for Z, the D2-brane does not couple to the twisted sector. 
Therefore, the boundary state \D2) is the same as that on the flat space: 

exp 

kez 

This state is invariant under the orbifold action. The tension of this brane is time- 
independent. It is also easy to construct the S-brane localized in all directions since 
the boundary condition is null-boost invariant. 


1 ^ 2 ) = 


n n 

n>0 


—iz — 

e « 


p^ = 0,p^ = -|) . (4.16) 

R/ w=o 


5. Dl-Branes and Null Scissors 


Dl-branes on the null-brane are also BPS states when oriented appropriately on the 
null-brane. One of the BPS conhguration of Dl-brane on the null-brane is represented by 
a Dl-brane extending along the directions on the covering space and its inhnitely many 
images under the orbifold group. The conhguration of the original Dl-brane and one of its 
image brane is called “null-scissors” . When the original brane on the covering space is 
sitting a,t X — z — h, the corresponding brane on the null-brane is described by a curve 

1 / = —, u = h --. (5.1) 


The divergence of y near y~^ — x~^ = 0 merely rehects the coordinate singularity at x~^ = 0. 
The phase shift of the hber is hnite along the curve (5.1) 


rx^=oo 

A<j>= (dy + A) = —. 

J = —OO 


(5.2) 


In the case of the parabolic orbifold R = 0, this phase shift diverges and the Dl-brane 
winds around the hber inhnitely many times near x~^ = 0. When i? = 0, a Dl-brane 
with a = 0 and another brane with a ^ 0 intersect at x"*" = a/27r/c, /c G Z. These 
intersection points accumulate on x~^ = 0. 
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5.1. Closed String Description 

We can construct the boundary state of Dl-brane described above as 

l-Dl; a, h) = 1 : g27rifc(J+p2i?) ^ (5 3) 

kez 

where \D1] a, b) is the boundary state on the covering space 
a, b) = exp 

(5.4) 

The summation over k corresponds to putting inhnitely many image branes under the 
orbifold action. The state (|5.3|) is invariant under the orbifold action by construction. 

The cylinder amplitude between |T>1; a, b) and \D1; 0, 0) is written as 

/•OO rjo , _ ^ ~ ._ 

Aiosed= / — (5.5) 

^ kez 

The contribution from the non-zero modes is /c-independent as in the previous section. 
The zero-mode contribution is proportional to 

/ dx^dx~ exp 
kez 

By performing a Poisson resummation, we can see that the effective tension becomes time- 
dependent: Tdi ~ This time dependence comes from the interactions 

between inhnitely many image branes on the covering space. In the next subsection, we 
will see that the exponent in (b.6|) can be interpreted as the length of the open string. 


{2'Kkx^ — aY {2'KkR — by 


2'Ksa' 


2 'Ksa' 


(5.6) 


^ i 


.n>0 


\p^ = 0,x = a, z = b). 


5.2. Open String Description 


The cylinder amplitude (|5.5|) can be also computed as an open string 1-loop. For a 
hxed /c, the open string in question is stretched between two Dl-branes in the null-scissors 
conhguration on the covering space. The boundary condition for this open string is 


a = 0 : d^X+ = 0, = a, d^X- = 0, Z = b 

a = TT : = 0, X^-2TikX+ = Q, dYX~-2TikXY 


(5.7) 

0, Z = 2'KkR. 
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The mode expansion of Z satisfying this bonndary condition is given by 


' riT^O 


—inu' —inu 

O O / l_-t Yl • 


)an. (5.8) 


To hnd the mode expansion of X^, it is convenient to perform a T-duality along 
direction The boundary condition in the T-dual picture is given by 


9cr>^|cr=o = 0, d^Y - 7rvJdtY\^=.^ = 0 


(5.9) 


where v = 2k, and the mode expansion is 

1 


Y = X + i 





E 

neZ 


^^-i{n+ivj)u+ ^ ^-i{n+ivj)u _ 2^^^^ j 


CKr 


2 n + ivj 

Taking the T-dual again, the mode expansion of the original coordinate is obtained as 


(5.10) 



X+ = x++ ,/ y(u+ +u-]a+ + iJjYl 

^ n^O ^ 


= a + 


X- = X- + 





rr+crS + |(n+)2cr+ 


n^O 


1 + 


n 


-t- v{u'^ - )a^ 


n 










+T- E 


2 


n^O 


n 


, , Mr 1 ^ + 

“"+•’1“ ” (4^- — - n."' 


2 


-t- (ti"*" U ). 

(5.11) 

From the canonical commutation relation [X^(cr), 9tX^(cT')] = 2'Kia'ri^'^5{a,a'), the 
commutation relation of the non-zero modes is found to be 

Q!^] = (n77“^ -H ivJr]~^Y''5n+m,o- (5.12) 

The zero mode satisfying the boundary condition (|5.7|) is given by 


QJr 


= \/2a''p^, 


V / , a 

CKn = , IX- 

TXV 


CKr 


= \/2a'p , 


(5.13) 


where [x^,p^] = —i, [p'^,p ] — [x^,x ] — 0. Because of the Dirichlet condition of X^ at 
(T = 0, the zero modes x and p^ do not appear in the mode expansionJl 


^ It is well known that the T-dual coordinates satisfying (5.9) are non-commutative at the 
boundary. However, the original coordinates (5.111) are not non-commutative. 
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As in the case of closed string, the commutation relation (|5.12|) is written as an 
ordinary relation using the spectral flow 




(5.14) 


In terms of this spectral flowed oscillator, the Virasoro operator of this system is written 
asi 

2 

^-2a'p+p-+a'(^—) +2kE + N^^\ (5.15) 

\27ra'/ 

Here is dehned as 

d = {27rkx~^ — a)^ + {27rkR — 6)^. (5.16) 

The term in has a simple physical interpretation. This term represents the (mass)^ 
of the string stretched between Dl-branes at (x,z) = {27rkx~^,27TkR) and {x,z) — (a, 6). 
Although we are not taking the lightcone gauge, this form of Lg ^ suggests that a:"*" is the 
good “time” coordinate to describe this system (see hg. 1). This mass term agrees with the 
mass of the off-diagonal element around the diagonal conhguration = diag(27r/ca:"'“, a) 
in the low energy Yang-Mills description of this system |^]. It is easy to construct a 
physical state of the open string with zero mode only 


a' 

(5.17) 

which is the same as the wave-function of the off-diagonal scalar held in the Yang-Mills 
description When = 0, only massless states are physical, and they are localized 
at x~^ — a/2Tik. 

One can easily show that the open string 1-loop amplitude 


■i/i = exp 


-ip'^x 




6p+(q;')^ 


X 


a \ 3 
2'Kk) 


m 


2p+ 


X 


m? = 


/ 2 'KkR — b 
\ 27rQ;' 


A 


open — 





(5.18) 


. Here again, the trace over the non-zero 

modes is independent of k. 


agrees with the closed string computation (5.5 


^ The zero-mode part of our is different from the Lq of the open string connecting two 
D2-branes with a null flux on one of the branes This is consistent since the A^-direction 

is non-compact. We just used the T-duality as a solution generating technique to find the mode 
expansion in the original Dl-brane picture. In appendix B, we discuss the conpactification of the 
A'^-direction. 
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Fig. 1 Two different constant “time” slices of nnll-scissors: (a) x®=constant: 
Two branes are intersecting at angle 6 = tan“^(v^7r/c). The intersection point 
moves with the speed of light, (b) x+^constant: Two parallel branes collide 
at x~^ — a/2'Kk and then move apart. 


6. Discussions 


In this paper, we have constructed the boundary states describing D-branes in the 
null-brane background. It was pointed out that the low energy theory on a brane in this 
background is described by a noncommutative held theory with a time-dependent non- 

). It is interesting to derive this noncommutativity 


commutativity [jT^ (see also 
from the worldsheet viewpoint. One can study the worldvolume theory on the brane by 
computing a scattering amplitude of open string modes in a similar way as the closed string 
computation in |]8| JT^ , p!7| . For instance, the scattering amplitude of open string tachyons 
is obtained by a transform of the Veneziano amplitude in stead of the Virasoro-Shapiro 
amplitude studied in [p|, [T6|JT7|] . One can expect that open string amplitudes have a similar 
behavior as the closed string ones. It is also interesting to study the geometry of the 
null-brane seen by D-branes. The instantonic brane, or S-brane, would be a good probe, 
and the noncommutative nature of the transverse coordinates of the brane would have 
an important role as in |^]. The K-theory and the clarihcation of stable branes in the 
null-brane geometry are also interesting. 
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Appendix A. Trace of the Zero-Mode Part 


The trace of the zero-mode part in the twisted sector typically has the form 


Z = Tr 


(A.l) 


where x and p are canonically conjngate to each other: [x,p\ = i. Using the Baker- 
Campbell-Hansdorff formnla 

[A-y,[A,y]] + ---^, (A. 

we can factorize the operator in the trace as 

g-iT(p2+Ax) ^ g_iT(p2+TAp+iT2AUg-iTAi_ 


exp X exp Y = exp 




Here, the dots in the BCH formnla vanishes since [x, [x, p^]] = —2 is a c-nnmber. Then we 
can evalnate the trace in the plane-wave basis 

J 27r 

= Jdpe-"-"s(T\) = j 

(A.4) 

Namely, the trace is eqnal to the classical integral over the phase space. Notice that it is 
important to nse the Lorentzian proper time T G R. 



Appendix B. T-dual of the Nnll-Scissors 


In this appendix, we consider the relation of the nnll-scissors and its T-dnal conhg- 
uration. The T-dnal of the null-scissors is the two D2-branes with a constant null flux 
F~^ on one of them. The open string stretched between these two D2-branes satisfles the 
boundary conditions (^), and the mode expansion is given by (|5.1U|) . The commutators 
of the oscillators are the same as the original Dl-brane picture (|5.12|) , the commutator of 


the zero modes are [22 


[x^, ckq] = i\/2a''r]^'^, 




(B.l) 


These zero-modes ckq can be written in terms of the canonical variables x^ and p^, obeying 
[x^,p'^] = , [x'^,x'^] = [p'^,p^] = 0, as = \/2a'p'^ and 

Uq = a/ 2a'p* -t- fx~^ -I- gx, aQ = ^2a'p~ -t- f'x -t- g'x~^. (B.2) 
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Here g and g' are arbitrary constants and / and f' are related by 


/ + /' = 


(B.3) 


The value of these parameters /, f',g,g' can be changed by the canonical transformation 
of and p^. 

To see the relation of this T-dual picture with the original Dl-brane picture, let us 
compactify the coordinate on a circle of radius L: ~ y^+27rL. Then the momentum 

p^ in this direction is quantized as p^ = m/L, m G Z. By performing the T-duality along 
the y^-direction, the mode expansion of the original coordinate reads 

X+ — x'^ + \/2a'taQ + (oscillators) 

— X + \/2a\aaQ + ncrfa^J') + (oscillators). 

At the boundary of the open string, these coordinates satisfy 


(B.4) 




(7 — 0 


X, - ttxA 


+ 1 


X — TTVX 


+ \/2a'' 


na 


0 - 


(B.5) 


Using the freedom of the choice of parameters /, /', g, g', we take the following form of the 
zero-mo des:@ 


CXr 


= V^p^ + 


1 


TT 


{7rvx~^ — x), cTq = V2a'p . 


(B.6) 


Then — 7rvX~^ satishes the Dirichlet boundary condition at the boundary a = tt 


X^ — TivX^\a=Tc = 2Tia'p^ = 2TimL 


(B.7) 


where L = a'/L is the radius of the circle in the A^-direction. In other words, the “moving 
Dl-brane” of the null-scissors have inhnitely many image branes periodically sitting along 
the A^-direction. Now let us take the decompactihcation limit L ^ oo. In the T-dual 
picture L ^ 0, the momentum modes p^ = m/L with m ^ 0 become inhnitely massive 
and hence decouple. In the original picture, the images of the “moving brane” sitting 
at (|B.7|) with m fy 0 go to inhnity and decouple. Therefore, we can set = 0 in the 
decompactihcation limit, and we can also set the zero-mode x of A^ to be a constant 
a. Thus we recover the mode expansion (|5.11J )- (^.13|) in the Dl-brane picture with the 
non-compact A® coordinate. Note that the coordinates A^ (|5.11J ) satisfy the canonical 
commutation relation without including the contribution of the zero-modes x and p^.i 


The zero-modes with f = vjY2a' and f = g = g' = 0 are considered in 
® Recall that a boson (j) = (j)o + ^/2a'aao On/n e”*”* sin na obeying the Dirichlet 

boundary condition satishes the commutation relation = 2T:ia'5{a,a') with the 

(i-function S{a,a') = I/tt sinner sinner'. Since the commutator [4>o,cto] does not appear in 

this relation, we can consistently set (f>o and ao to be c-numbers which specify the position of 
D-branes. 
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